
Elrorjlfdo ohyho prgho

Htxdwlrqv

Wkh Krrg hw do1 +5333, vl{0frpsduwphqw hfrv|vwhp prgho lqfoxghv vwdwh yduldeohv uhsuh0
vhqwlqj glvvroyhg lqrujdqlf qlwurjhq +(U�,/ glvvroyhg rujdqlf qlwurjhq +(��,/ sk|wrsodqn0
wrq +� ,/ Wulfkrghvplxp +A ,/ ghwulwxv +(, dqg khwhurwurskv +M,1 Wkh pdvv lq hdfk ri wkhvh
frpsduwphqwv lv h{suhvvhg lq qlwurjhq frqfhqwudwlrq xqlwv +pprohv�2p�, dqg wkh prgho
sdudphwhuv duh olvwhg lq elrgdw1i1

Wkh M frpsduwphqw lv frqvlghuhg wr uhsuhvhqw wkh vxp ri doo khwhurwursklf surfhvvhv
lqfoxglqj/ iru h{dpsoh/ edfwhuld/ plfur}rrsodqnwrq dqg phvr}rrsodqnwrq1 Fkdqjhv lq M
gxh wr elrorjlfdo surfhvvhv duh ghwhuplqhg dv iroorzv=

YM

Y|
' }e���M�6� n }e(�(M�6( n E}eM � ���M�6M

2 +4,

n}eA�AM�6A n }e(���(��M�6(��

Zkhuh wkh frh!flhqwv }e� duh khwhurwursklf jurzwk h!flhqflhv/ iru jurzwk rq sk|wrsodqnwrq
+� ' � ,/ Wulfkrghvplxp +� ' A ,/ ghwulwxv +� ' (,/ (�� +� ' (��, dqg rwkhu khwhurwurskv
+� ' M,1 Wkh frh!flhqw �6 lv wkh pd{lpxp khwhurwursklf frqvxpswlrq udwh1 Lq +4,

�� ' x�*Xc

�( ' x(*Xc

�M ' xM*Xc

�A ' xA*Xc

�(�� ' x(��*X

dqg
X ' x�� nx(( nxMM nxAA nx(��(�� nMg7c

zklfk doorzv dvvljqphqw ri �suhihuhqfhv� iru wkh gl�huhqw irupv ri rujdqlf qlwurjhq1 Iru
vlpsolflw|/ wkh kdoi0vdwxudwlrq frqvwdqw/ Mg7/ lv dvvxphg wr eh wkh vdph iru doo vxevwudwhv1

Wkh (U� frpsduwphqw lv frqvlghuhg wr uhsuhvhqw wkh vxp ri doo glvvroyhg lqrujdqlf
irupv ri qlwurjhq/ l1h1/ QR�/ QR2/ dqg QKn

e 1 Fkdqjhv lq (U� / gxh wr elrorjlfdo surfhvvhv
duh ghwhuplqhg dv iroorzv

Y(U�

Y|
' �E@e� � }e� ���M�6� n �E@e( � }e(��(M�6(

n�E@eM � }eM��MM�6M n �E@eA � }eA ��AM�6A +5,

nE@e(�� � }e(����(��M�6(�� � L�� � LAAc

zkhuh wkh srvlwlyh whupv uhsuhvhqw khwhurwursklf uhplqhudol}dwlrq ri sduwlfxodwh dqg glvvroyhg
rujdqlf qlwurjhq wr glvvroyhg lqrujdqlf qlwurjhq/ dqg wkh qhjdwlyh whupv uhsuhvhqw xswdnh ri
(U� e| sk|wrsodqnwrq dqg Wulfkrghvplxp1 Wkh frh!flhqwv @e� duh dvvlplodwlrq h!flhqflhv
iru khwhurwursklf jurzwk rq sk|wrsodqnwrq +� ' � ,/ Wulfkrghvplxp +� ' A ,/ ghwulwxv +� '
(,/ (�� +� ' (��, dqg rwkhu khwhurwurskv +� ' M,1 Wkh frh!flhqw � vshfl�hv wkh
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iudfwlrq ri uhplqhudol}dwlrq wkdw jrhv gluhfwo| wr (U� 1 Qrwh wkdw doo ri wkh (�� frqvxphg
e| khwhurwurskv +suhvxpdeo| edfwhuld, wkdw lv qrw dvvlplodwhg lv uhplqhudol}hg gluhfwo| wr
(U� 1 Lq +5,/

L� ' >� E�� e3U*U� �e3U*Uq�
(U�

(U� n �g7
+6,

dqg

LA ' >A E�� e3U*UA �e3U*UqA
(U�

(U� n Ag7
c +7,

zklfk ghvfuleh oljkw dqg (U�0ghshqghqw yduldwlrqv lq sk|wrsodqnwrq dqg Wulfkrghvplxp

(U� xswdnh1 Dq h{srqhqwldo vdwxudwlrq ixqfwlrq zlwk skrwrlqklelwlrq lv xvhg wr ghvfuleh
wkh oljkw ghshqghqfh/ dqg d Plfkdholv0Phqwhq k|shuerolf vdwxudwlrq ixqfwlrq lv xvhg wr
ghvfuleh wkh �0ghshqghqfh1 Lq +6, dqg +7,/ >� dqg >A duh wkh pd{lpxp jurzwk udwhv/ U�
dqg UA duh oljkw vdwxudwlrq sdudphwhuv/ dqg Uq� dqg UqA duh skrwrlqklelwlrq sdudphwhuv iru
sk|wrsodqnwrq dqg Wulfkrghvplxp/ uhvshfwlyho|1 Wkh yduldeoh U lv wkh vxevxuidfh luudgldqfh1
Lq dgglwlrq/ lq +6, dqg +7,/ �g7 dqg Ag7 duh kdoi vdwxudwlrq frqvwdqwv iru (U� xswdnh
iru sk|wrsodqnwrq dqg Wulfkrghvplxp1 Wkxv Wulfkrghvplxp vss1 wdnh xs (U� iroorzlqj
Plfkdholv0Phqwhq nlqhwlfv1 Ilqdoo|/ lw lv dvvxphg khuh wkdw gluhfw khwhurwursklf xwlol}dwlrq
ri (U� lv qhjoljleoh1

Wkh jurzwk htxdwlrqv iru sk|wrsodqnwrq dqg wulfkrghvplxp duh=

Y�

Y|
' kL�� � 7�� � ��M�6� +8,

dqg
YA

Y|
' kCAA � 7AA � �AM�6A� +9,

Lq +8, dqg +9,/ wkh �uvw whup uhsuhvhqwv jurzwk/ wkh vhfrqg qdwxudo pruwdolw| dqg wkh wklug
frqvxpswlrq e| khwhurwurskv1 Wkh khwhurwursklf frqvxpswlyh whupv duh gh�qhg deryh1
Qdwxudo pruwdolw| lv prghohg xvlqj olqhdu ixqfwlrqv zlwk pruwdolw| udwhv 7� dqg 7A iru
sk|wrsodqnwrq dqg Wulfkrghvplxp/ uhvshfwlyho|1 Oljkw dqg (U�0ghshqghqw sk|wrsodqnwrq
jurzwk lq +8, lv prghohg xvlqj L� dv gh�qhg lq +6,/ exw Wulfkrghvplxp jurzwk lq +9, lv
prghohg xvlqj=

CA ' >A E�� eU*UA �e3U*UqA � +:,

Wkxv/ dowkrxjk Wulfkrghvplxp vss1 wdnh xs (U� dffruglqj wr +7, wkhlu jurzwk udwh lv
qrw olplwhg e| (U� dydlodelolw|1 Wkhuhiruh/ zkhq (U� frqfhqwudwlrqv duh yhu| orz/ Wul0
fkrghvplxp jurzwk lv vxssruwhg doprvw hqwluho| e| Q20�{dwlrq/ dqg zkhq (U� frqfhq0
wudwlrqv lqfuhdvh Q20�{dwlrq lv wkurwwohg edfn1 Qrwh dovr wkdw wkhuh lv qr uhsuhvhqwdwlrq ri
skrvskrurxv olplwdwlrq lq wklv prgho hlwkhu1 l1h1/ lw lv dvvxphg wkdw qlwurjhq �{dwlrq sur0
ylghv dq lq�qlwh vxsso| ri qlwurjhq dqg wkdw Wulfkrghvplxp lv deoh wr rewdlq ru uhwdlq wkh
skrvskrurxv uhtxluhg wr vxssruw jurzwk wkdw lv frqwuroohg sulqflsdoo| e| wkh dydlodelolw| ri
oljkw1

Dq dgglwlrqdo glphqvlrqohvv frh!flhqw k lq +8, dqg +9, ghwhuplqhv wkh iudfwlrq ri skr0
wrv|qwkhvlv wkdw uhpdlqv lq sduwlfxodwh irup zlwk uhpdlqghu +�� k, sduwlwlrqhg wr (�� 1
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Fkdqjhv lq(�� frqfhqwudwlrq gxh wr elrorjlfdo surfhvvhv duh prghohg xvlqj dq htxdwlrq
vlplodu wr +5,

Y(��

Y|
' E�� ��E@e� � }e� ���M�6� n E�� ��E@e( � }e(��(M�6(

nE�� ��E@eM � }eM��MM�6M n E�� ��E@eA � }eA ��AM�6A +;,

nE�� k�CAA n E�� k�L�� n E�� q�7�� n E�� q�7AA

�M�(���6(���

Khuh wkh srvlwlyh whupv zlwk � � � frh!flhqwv uhsuhvhqw khwhurwursklf uhplqhudol}dwlrq ri
sduwlfxodwh rujdqlf qlwurjhq wr glvvroyhg rujdqlf qlwurjhq/ dqg wkh srvlwlyh whupv zlwk ��k
frh!flhqwv uhsuhvhqw gluhfw frqwulexwlrqv wr wkh (�� srro gxh wr h{xgdwlrq e| sk|wr0
sodqnwrq dqg Wulfkrghvplxp1 Wkhuh duh dovr wzr dgglwlrqdo (�� vrxufh whupv zlwk �� q
frh!flhqwv zklfk uhsuhvhqw frqwulexwlrqv wr wkh (�� srro gxh wr qdwxudo pruwdolw| ri
sk|wrsodqnwrq dqg Wulfkrghvplxp1 Wkh odvw whup lq +;, uhsuhvhqwv xswdnh ri (�� e| khw0
hurwurskv vxfk dv edfwhuld dqg (��0frqvxplqj surwlvwv1 Lw vkrxog eh qrwhg wkdw (�� lq
wklv prgho lv frqvxphg dv uhdglo| dv dq| rwkhu sduwlfxodwh rujdqlf frqvwlwxhqw dqg vkrxog
wkhuhiruh eh frqvlghuhg �odeloh�1

Ilqdoo|/ fkdqjhv lq ghwulwxv frqfhqwudwlrq gxh wr elrorjlfdo surfhvvhv duh prghohg dv
iroorzv=

Y(

Y|
' E�� @e� ���M�6� n E�� @eM��MM�6M

nE�� @eA ��AM�6A n E�� @e(��(M�6( +<,

nE�� @e(����(��M�6(�� n q7�� n q7AA

��(M�6(c

zkhuh wkh whupv zlwk frh!flhqwv E�� @e�� uhsuhvhqw frqwulexwlrqv wr wkh ghwulwxv srro gxh
wr hjhvwlrq e| khwhurwurskv/ dqg wkh whupv zlwk frh!flhqwv q uhsuhvhqw frqwulexwlrqv wr wkh
ghwulwxv srro gxh wr qdwxudo pruwdolw| ri sk|wrsodqnwrq dqg Wulfkrghvplxp1 Wkh rqo| orvv
whup lq +<, uhsuhvhqwv frqvxpswlrq ri ghwulwxv e| khwhurwurskv1 Lw vkrxog eh qrwhg wkdw wkh
hjhvwlrq whup lq +<, gxh wr (�� frqvxpswlrq e| khwhurwurskv lv dfwxdoo| }hur ehfdxvh wkh
dvvlplodwlrq h!flhqf| iru (�� lv wdnhq wr eh 4 +vhh elrgdw1i,1 l1h1/ lw lv dvvxphg wkdw wkhuh
lv qr hjhvwlrq dvvrfldwhg zlwk (�� frqvxpswlrq1

Wkh elrorjlfdo prgho lv lqwhjudwhg qxphulfdoo| ryhu wlph xvlqj d irxuwk0rughu Uxqjh0
Nxwwd vfkhph1

Pl{lqj/ Gl�xvlrq/ Dgyhfwlrq/ dqg Vlqnlqj

Doo ri wkh frpsduwphqwv lq wkh elrorjlfdo prgho duh vxemhfwhg wr pl{lqj/ gl�xvlrq dqg
yhuwlfdo dgyhfwlrq1 Gl�xvlrq lv dssolhg xqlirupo| wkurxjkrxw wkh prgho grpdlq xvlqj g� '
f�fff� 62*r dv vshfl�hg lq elrgdw1i1 Pl{lqj dqg yhuwlfdo dgyhfwlrq duh vshfl�hg xvlqj wlph0
ydu|lqj rxwsxw +k� dqg z@_�/ uhvshfwlyho|, iurp wkh PfFuhdu| hw do1 +5333, prgho1 Wkh
pl{lqj lv dfkhlyhg e| vlpso| krprjhql}lqj doo elrorjlfdo txdqwlwlhv grzq wr k� dqg yhuwlfdo
dgyhfwlrq lv lpsohphqwhg xvlqj d vlpsoh/ fhqwhuhg/ �qlwh0gl�huhqfh/ judglhqw irup dgyhfwlrq
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vfkhph1 Wkh judglhqw irup lv xvhg khuh wr suhyhqw dffxpxodwlrq ru orvv ri pdvv gxh wr
frqyhujhqfh ru glyhujhqfh lq 40G1 Yhuwlfdo h{fkdqjh dovr rffxuv yld vlqnlqj ri ghwulwxv1 Wklv
lv grqh xvlqj d yhuwlfdo dgyhfwlrq htxdwlrq zklfk lv vroyhg qxphulfdoo| xvlqj d  x{ irup/
xsvwuhdp qxphulfdo vfkhph1 Wkh  x{ irup lv xvhg khuh wr doorz iru lqfuhdvhv dqg ghfuhdvhv
lq ghwulwxv gxh wr yhuwlfdoo| ydu|lqj vlqnlqj vshhgv1

Wkh wrs erxqgdu| ri wkh prgho lv forvhg iru doo elrorjlfdo dqg fkhplfdo frqvwlwxhqwv
dqg wkh erwwrp erxqgdu| ri wkh prgho lv forvhg iru doo frqvwlwxhqwv h{fhsw (U� dqg (1
Dgyhfwlyh dqg gl�xvlyh  x{hv ri (U� dffurvv wkh erwwrp erxqgdu| duh vshfl�hg xvlqj d
�{hg/ ghhs rfhdq (U� frqfhqwudwlrq ri 53 pprohv2p� +dv lq PfFuhdu| hw do1/ 4<<9 dqg
5333,1 Wkh vlqnlqj  x{ ri ghwulwxv rxw ri wkh erwwrp erxqgdu| lv frqwuroohg e| wkh vlqnlqj
udwh ri ghwulwxv/ �/ dqg wkh ghwulwxv frqfhqwudwlrq fdofxodwhg e| wkh prgho lpphgldwho|
deryh wkh erwwrp1

Oljkw

Devruswlrq ri vrodu udgldwlrq lv vlpxodwhg xvlqj d grxeoh h{srqhqwldo ghfd| htxdwlrq=

U~ ' Uf
k
-e3&�~ n E��-�e3&2~

l
c +43,

zkhuh U~ dqg Uf duh lqvwdqwdqhrxv vxuidfh dqg vxevxuidfh vrodu lqvrodwlrqv/ - dqg E� � -�
duh wkh orqj dqg vkruwzdyh frpsrqhqwv ri wkh lqvrodwlrq/ dqg &� dqg &2 duh wkh orqj dqg
vkruwzdyh gl�xvh dwwhqxdwlrq frh!flhqwv/ uhvshfwlyho|1 Wr lqfrusrudwh wkh h�hfwv ri oljkw
devruswlrq e| sk|wrsodqnwrq zh vhw

&2 ' &% n &RE� n A �� +44,

Khuh &% lv wkh gl�xvh dwwhqxdwlrq frh!flhqw iru zdwhu dqg vxevwdqfhv rwkhu wkdq sk|wr0
sodqnwrq dqg Wulfkrghvplxp dqg &R lv wkh elrpdvv0vshfl�f dwwhqxdwlrq frh!flhqw gh�qhg
deryh1 Wkxv/ sk|wrsodqnwrq dqg Wulfkrghvplxp dwwhqxdwh wkh vkruwzdyh udgldwlrq/ exw
dwwhqxdwlrq ri orqjzdyh udgldwlrq lv frqvlghuhg wr eh qhjoljleoh frpsduhg wr zdwhu1
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